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Abstract. Let D 2 be the open unit disc in the Euclidean plane 
and let G := Diff (D 2 , area) be the group of smooth compactly 
supported area-preserving diffeomorphisms of D 2 . We investigate 
the properties of G endowed with the autonomous metric. In par- 
ticular, we construct a bi-Lipschitz homomorphism Z k — ► G of a 
finitely generated free abelian group of an arbitrary rank. We also 
show that the space of homogeneous quasi-morphisms vanishing 
on all autonomous diffeomorphisms in the above group is infinite 
dimensional. 



1. Introduction and the main results 

Let D 2 C R 2 be the open unit disc and let H : D 2 — > R be a smooth 
compactly supported function. It defines a vector field 

dH dH 
X H (x,y) = -—d x + —d y 

which is tangent to the level sets of H. Let h be the time-one map of 
the flow ht generated by Xh- The diffeomorphism h is area-preserving 
and every diffeomorphism arising in this way is called autonomous. 
Such a diffeomorphism is relatively easy to understand in terms of its 
generating function. 

It is a well known fact that every smooth compactly supported and 
area-preserving diffeomorphism of the disc D 2 is a composition of finitely 
many autonomous diffeomorphisms [2]. In this paper we are interested 
in the geometry of the problem of determining the smallest number of 
autonomous diffeomorphism whose composition is a given diffeomor- 
phism. More precisely, we define the autonomous norm on the group 
G := Diff (D 2 , area) of smooth compactly supported area-preserving 
diffeomorphisms of the disc by 

ll/IUut := mrn { m £ N | / = hi o ■ ■ ■ o h m where each hi is autonomous} 

The associated metric is defined by dAut(/> g) '■= ||/^ _1 ||Aut- Since the 
set of autonomous diffeomorphisms is invariant under conjugation the 
autonomous metric is bi-invariant. 

l 
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Theorem 1. For every natural number k G N there exists an injective 
homomorphism Z fc — > Diff (D 2 , area) which is bi-Lipschitz with respect 
to the word metric on Z fc and the autonomous metric on Diff(D 2 , area). 

Remarks. 

(1) We show in the proof of Theorem [1] that the embedding of Z fc 
is constructed to be in the kernel of the Calabi homomorphism 
C : G ->• R (see Remark O for a definition and |2J EH [IS] for 
more information). 

(2) Gambaudo and Ghys defined in [11, Section 6.3] the autonomous 
metric on the group of area-preserving diffeomorphisms of the 
2-sphere and showed that its diameter is infinite. 

(3) In a greater generality, the autonomous metric is defined on the 
group Ham(M, u) of compactly supported Hamiltonian diffeo- 
morphisms of a symplectic manifold. It is interesting to know 
if such a metric is always unbounded. 

(4) Even more generally the autonomous metric can be defined as 
follows. A compactly supported diffeomorphism h of a mani- 
fold M is called autonomous if it is the time-one map of a time- 
independent compactly supported flow h t . The group Diff(D 2 ) 
of all smooth compactly supported diffeomorphisms of the disc 
is generated by autonomous diffeomorphisms and hence the au- 
tonomous metric can be defined as above. However, it is known 
due to Burago, Ivanov and Polterovich [9j , that the autonomous 
metric is bounded in this case. 

(5) Since the autonomous metric is bi-invariant, investigating geo- 
metric properties of embeddings of non-abelian groups has to 
be done with respect to some bi-invariant metrics. At the time 
of writing this paper such metrics are not well understood. In 
Section H] we prove an algebraic result which may indicate some 
good geometric properties. More precisely, for a non-abelian 
free group of rank two we construct an injective homomorphism 
F2 — > G and prove that the image of the induced homomor- 
phism Q(G) — > Q(F2) on the spaces of homogeneous quasi- 
morphisms is infinite dimensional. 

l.A. Comments on the proof of Theorem [IJ, Let us start with a 
definition. A function ip : T — > R from a group T to the reals is called 
a quasi-morphism if there exists a real number A > such that 

|^)-^)+#)|<A 

for all g, h G T. The infimum of such numbers A is called the defect 
of ip and is denoted by D^. If ip{g n ) = nip(g) for all n G Z and all 
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g G T then ■?/> is called homogeneous. Any quasi- morphism ifj can be 
homogenized by setting 

ip(g) := lim ^ . 
The vector space of homogeneous quasi-morphisms on T is denoted by 

Q(r). 

The first part of the proof is to show that the space Q(G,Aut) of 
homogeneous quasi-morphisms on Diff (D 2 , area) which are trivial on 
the set of autonomous diffeomorphisms is infinite dimensional. This is 
done by constructing (for n > 3) an injective linear map 

Q n . Q(B n ,A n ) ->Q(G,Aut), 

where B n denotes the braid group on n-strings and A n C B n is a 
certain abelian subgroup defined in Section [2j 

Remark 1.1. Notice that the existence of a nontrivial homogeneous 
quasi-morphism ip : G — > R that is trivial on Aut C G implies that the 
autonomous norm is unbounded. Indeed, for every / G G we have that 
\ip(f)\ = \ip{hi . . . h m )\ < mD^p and hence for every natural number n 
we get ||r || Aut > > 0, provided ^(f) ^ 0. 

The map Q n is defined in Section [2] and is induced from the construction 
due to Gambaudo and Ghys |11] . The fact that the quasi-morphism 
Q n (<f) is trivial on the set of autonomous diffeomorphisms provided ip 
is trivial on A n is proved in Section [3J The latter proof consists of 
two steps. First, we show that G n {(f) is trivial on autonomous diffeo- 
morphisms generated by certain Morse-type functions (Lemma 13. 2ft . 
Secondly, the set of such diffeomorphisms is dense in G with respect 
to the C 1 -topology and that 

g n (<f): G^R 

is continuous again with respect to the C 1 -topology (Theorem I3.4p . 

It is known that the space Q(B n , A n ) is infinite dimensional (see Sec- 
tion [3?C]) and hence we obtain that Q(G,Aut) is infinite dimensional. 



Let ifi'. B 3 — > R be homogeneous quasi-morphisms comprising a set 
of k linearly independent elements of Q(B 3 ). We thus obtain that the 
map $: G — > R fc defined by 

$(/) = (&(yi)(/),...,&(y*)(/)). 
which is Lipschitz and whose image is quasi-isometric to the whole R fc . 

The second part of the proof is a construction of a homomorphism 
Z fc — > G with the required properties. It is in fact a section of the 
map $: G — > R fc mentioned above. It is defined by constructing k 
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diffeomorphisms fj G G with disjoint supports (hence commuting) 
such that Gz{<Pi){fj) = <5jj, where 5ij is the Kronecker delta. 

Remark 1.2. The above map $ is a quasi-morphism, if one defines an 
R fc valued quasi-morphism analogously to the real valued one using an 
L p -norm. Observe that there exists a nontrivial homogeneous quasi- 
morphism F 2 R fc on the free group of rank two with the image 
quasi-isometric to R fc for every k G N. This follows from the fact that 
Q(F 2 ) is infinite dimensional. However, none of such quasi-morphisms 
admits a homomorphic section over Z fc for k > 2. 



2. The Gambaudo-Ghys construction 

Let us recall a construction, due to Gambaudo and Ghys [Tlj Section 
5.2], which produces a quasi-morphism on G from a quasi-morphism 
on the pure braid group P„. 

Let g t G G be an isotopy from the identity to g G G and let z G D 2 be 
a basepoint. For y G D 2 we define a loop / ~f y : [0, 1] — > D 2 by 

{(1 -3t)z + 3ty for t G [0, f] 

93t-i(y) for t G [§,§] 

(3-3t)g(y) + (3t-2)z for t G [§, l] . 

Let X n (D 2 ) be the configuration space of all ordered n-tuples of pair- 
wise distinct points in the disc D 2 . It's fundamental group 7Ti(X„(D 2 )) 
is identified with the pure braid group P„. Let z = (zi,...,z n ) in 
X„(D) be a base point. For almost every x = (x\, . . . ,x n ) G X n (D 2 ) 
the n-tuple of loops (7^, . . . , j Xn ) is a based loop in the configuration 
space X n (D 2 ). Since the group G is contractible (see e.g. |20] Corol- 
lary 2.6]) the based homotopy class of this loop does not depend on 
the choice of the isotopy g t . Let 7(^,0;) G P n = iri(X n (D 2 ) , z) be an 
element represented by this loop. 

Let (p : P n — > R be a homogeneous quasi-morphism. Define the quasi- 
morphism $ ra : G — > R and its homogenization $ n : G — > R by 

(i) *n(g)-= I vd(g;x))dx lim ' 1> " ( ' /) 



X„(D 2 ) 

Remark 2.1. The assertion that both the above functions are well 
defined quasi-morphisms is proved in [7] Lemma 4.1]. Using the family 
of signature quasi-morphisms on P n (one for each n) Gambaudo-Ghys 
showed that dim(C}(G)) = 00. This fact was also proved in (3J [5]. 
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Remark 2.2. The Calabi homomorphism C: G — > R may be defined 
as follows: 

C(g) = H(x,t)dxdt, 
Jo Jd 2 

where H(x,t) defines a flow whose time-one map is g, see e.g. [T5| 
Lemma 10.27]. The group P2 is infinite cyclic, hence every homoge- 
neous quasi-morphism ^2 : P2 — ?• R is a homomorphism. Since the 
kernel of the Calabi homomorphism C is a simple group [2], we have 
that $2(9) — C ' C(g) for every g G G, where C is a real constant 
independent of g. 

The above construction defines a linear map Q(P n ) — > Q(G). Let 

G n : Q(B n ) -)> Q(G) 

be its composition with the homomorphism : Q(B n ) — > Q(P n ) in- 
duced by the inclusion l: P n — > B n . Let A n C B n be an abelian group 
generated by braids r\^ n shown in Figured] Recall that Q(B n , A n ) de- 
notes the space of homogeneous quasi-morphisms on B n that are trivial 
on A n and that Q(G,Aut) denotes the space of homogeneous quasi- 
morphisms on G that are trivial on homogeneous diffeomorphisms. 

Theorem 2.3. Let n > 3. The image of the linear map 

Q n : Q(B n , A n ) ->■ Q{G, Aut) 

is infinite dimensional. In particular, the diameter of (G, dA u t) is "in- 
finite. 




i-1 i 

Figure 1. Braid r) i)n 

Remark 2.4. Theorem 12.31 answers the following question posed to 
the first author by L.Polterovich. 

Does there exist a quasi-morphism on G, given by the Gambaudo-Ghys 
construction, which vanishes on all autonomous diffeomorphisms inG? 
In other words, does there exist a nontrivial element in Im((? n ) which 
vanishes on all autonomous diffeomorphisms? 
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3. Proofs 

3. A. Evaluation of the map Q n on autonomous diffeomorphisms. 

Denote the space of autonomous compactly supported Hamiltonians 
#:D 2 ^Rby%. 

Definition 3.1. We say that a function H G H is of Morse-type if: 

(1) The boundary of the support of if is a simple closed curve. 

(2) The function H has no degenerate critical points in the interior 
of its support. 

(3) If x, y are two distinct non-degenerate critical points of H then 
H{x)^H{y). 

Lemma 3.2. If ' (p n G Q(B n , A n ) then $ n (/t) = for every autonomous 
diffeomorphism yenerated by a Morse-type function H . 

Proof. The first author proved the following theorem, see Theorem 4.5 
in 0. 

Theorem 3.3. Let H G H be a Morse-type function, and let tp n : B„ — > R 

be a homoyeneous quasi-morphism. Then 

®n{h) := Gn{<Pn){h) = J H'dp, 

T 

where h is the time-one Hamiltonian flow generated by H. 



All objects in the above theorem are defined in [7, Section 4.2]. In 
particular, it follows from the definition of the measure d\x that it is 
trivial if f n (Vi,n) — for each i. Hence $ n (/t) = 0, and the proof 
follows. □ 



3.B. The continuity of the Gambaudo-Ghys quasi-morphisms. 

The aim of this section is to prove the following result which will be 
used in the proof of Theorem 12.31 

Theorem 3.4. Let H G % and {if^}^ be a sequence of functions such 
that each Hk G H and Hk > H in C 1 -topology. Let h\ and hi t k be 

k— ¥00 

the time-one Hamiltonian flows generated by H and Hk respectively. 
Then 

lim $„(/ii, fe ) = § n (h 1 ). 

k— >oo 

Proof. The proof is presented below as a sequence of assertions and the 
theorem follows immediately from Proposition 13.81 □ 
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Let g G G and {gt\\ =Q G G such that g = Id and g\ = g. We denote 



D 2 xD 2 



1 

2^ 



^_ / gt(g) - gt(y) 
^ vll^t(^) - 9t 



dtdxdy, 



where || • || is the Euclidean norm. Lemma 1 in [12] shows that &({g t }) 
is well defined. Denote 

<d(g):=M<8{{g t }), 

at 

where the infimum is taken over all isotopies j f eG joining the identity 
with g. Lemma 2 in [12] states that for all g and h in G 

<5(gh)<<5(g) + ®(h). 

Thus the following limit exists: 

<d(a n ) 

2(g) = lim ^E-L. 

n— >oo n 

Proposition 3.5. Let g G G, and let ip n : B n — > R be a homogeneous 
quasi-morphism. Then 

\Mq)\ <Ci£(g), 
where C\ > is independent of g. 



Proof. Properties (11) and (12) in the proof of Theorem 2 in [6j imply 
directly the proof of this proposition. □ 

Now we will recall a definition of the right-invariant L 2 -metric on G. 
It is defined as follows. Let 

L2{gt}:=J dt UjgtWfdxY 

be the LMength of a smooth isotopy {gt}te[o,i\ C G, where 
denotes the Euclidean length of the tangent vector g\{x) G T X D 2 . Ob- 
serve that this length is right-invariant, that is, /^{gfO /} = L2{gt} for 
any / G G. It defines a non-degenerate right-invariant metric on G by 

da (0o ,01) : = miL 2 {g t }, 

9t 

where the infimum is taken over all paths from go to g\. See Arnol'd- 
Khesin [lj for a detailed discussion. 

Corollary 3.6. Let g G G ; and let ip: B n — y R be a homogeneous 
quasi-morphism. Then 

\® n {g)\<C 3 d 2 (ld,g), 
where C3 > does not depend on g. 
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Proof. It follows from [T2| Theorem 1] that for any g G G there exists 
a universal constant C > 0, such that £(g) < Cd 2 (Id, g). Now take 
C3 = C • Ci, and the statement follows from Proposition 13.51 □ 

Lemma 3.7. Let F G H. Then for any e > and p G N t/iere exists 
5 P > 0, such that if H EH is 5 p -close to F in C 1 -topology, then 

&2{fiX)<e, 

where ft and h t are the Hamiltonian flows generated by F and H . 



Proof. For the convenience we normalize the area of D 2 to be 1. It is 
enough to show that for all p G N there exists 5 P > such that 

max \\VF (X) - V# (x) || < 6 P d 2 (/f, h\) < £ -. 

Note that d 2 {ff,h{) = d 2 (Id, ff h~ p ) < L 2 {{ffh; p }). It follows from 
[M Proposition 1.4.D] that 



9* 



(x) = p • (sgrad(F) — sgrad(iJ/ t p )) 



(/ t p V») ' 



where sgrad is the symplectic gradient. Thus 



0(/fV) 



dt 



p- 



p 



(sgrad(F) - sgr&d(Hf t P )) {f p h -p {x)) 
(VF - V(Hfi% f?h - P(x)) 



Note that f t is an autonomous Hamiltonian flow. Thus Ff t (x) = F(x) 
for all x G D 2 and t G R. It follows that Vx G D 2 and Vp G Z 



We get the following inequality: 



VF (ffh^(x))- 



d 2 {flK)<p 




II W, 



* ;(/2V(*))"M 



2 dx (it, 



where || ■ ||m is a matrix norm. Denote by 

^ := ^S 0l i] ll(jD/rl)wlU ^ := 2 P (4 /t)P - 
We get the following inequality 

MflK) <p(m Dft rmax\\VF(x)-VH(x)\\ < ~. 

It follows that if H is <5 p -close to F in C 1 -topology, then d 2 (/f , h^) < e. 

□ 
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Proposition 3.8. Let F G "H. Then for any e > there exists S > 0, 
such that if H G "H is 5 -close to F in C 1 -topology then: 

\$ n (f)-$ n (h)\<e, 

where f and h are the time-one flows generated by F and H. 

Proof. Fix some e > 0. Let D$ be the defect of the homogeneous 
quasi-morphism $„: G — > R, and let C3 be the constant which was 

defined in Corollary 13.61 Take p G N such that — — < e. It follows 

from Lemma 13.71 that there exists 5 P > 0, such that if H is <5 p -close 
to F in C 1 -topology, then d 2 (f p ,h p ) < 1. Thus we get the following 
inequality: 

1 n_ _i_ left ( fPh~p]\ 



p 1 ' 1 p 

It follows from Corollary 13.61 that 

\® n (f p h- p )\ < C 3 d 2 (Id,f p h- p ) = C 3 d 2 (f p ,h p ) < C 3 . 

Thus 

\% n (f)-* n (h)\< D *» + Ci <e. 

p 

□ 



3.C. Proof of Theorem 12.31 Let n > 3 and denote by 

A n := (r] i>n \2<i<n), 

the abelian subgroup of P n generated by braids rji jn shown in Figure [TJ 
Let Q(B n , A n ) be the space of homogeneous quasi- morphisms on B n 
which are identically zero on the group A n . It follows from [U Theo- 
rem 12] that the space Q(B n ) is infinite dimensional. The restriction 
of every homogeneous quasi-morphism on an abelian group is a homo- 
morphism, hence the space Q(B n , A n ) is also infinite dimensional. The 
following theorem was proved by Ishida, see |14[ Theorem 1.2]. 

Theorem 3.9. The map Q n : Q(B n ) — > Q(G) is injective. 

In particular the map Q n : Q(B n ,A n ) — > Q(G) is also injective. It 
follows from [T8| Theorem 2.7] that Morse-type Hamiltonians form a 
C 1 -dense subset of "H, hence Lemma 13.21 and Theorem 13.41 imply that 
the image of Q(B n , A n ) under the map Q n lies in Q(G,Aut) and the 
proof follows. 



□ 
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3.D. Proof of Theorem Q3 Let r = -r and denote by D r to be an 
open disc in the Euclidean plane of radius r centered at zero. Let 

G r := Diff (D r , area) 

be the group of smooth compactly supported area-preserving diffeo- 
morphisms of D r . Gambaudo-Ghys construction is valid in the case of 
G r as well, i.e. every homogeneous quasi-morphism ip Tl : B n — > R de- 
fines a homogeneous quasi-morphism $ n r : G r — > R. This construction 
defines a homomorphism Q n>r '- Q(B n ) — > Q(G r ). 

The vector space 

Im (Gn,r\ Q(B„,A„)) C Q(G, Aut) 

is infinite dimensional for n > 3. The proof of this fact is identical to 
the proof of Theorem 12.31 As an immediate consequence we have the 
following fact: for each n > 3 there exist {gi t n}i=i £ G r and 

{$i,n,r}i=l e Im (Gn,r\Q(B n ,A n )) C Q(G r , Aut) 

such that 

where Sij is the Kronecker delta. 

We extend every diffeomorphism in G r by identity on the unit disc D 2 
and get an injective homomorphism i r : G r — > G. 

Lemma 3.10. The following identity holds on the space Q(B 3 , A 3 ) 

G3,r = Q(ir) ° Q%- 

Equivalently, for each $ 3r G Im ({?3 jr | q(b 3 ,a 3 )) C Q(G, Aut) andg G G r 
we have 

®sM = ®3(ir{g)), 

where $3 is defined using the same quasi-morphism if 3 in QCB3, A3). 

Proof. Denote by X3(D r ) the space of all ordered 3-tuples of distinct 
points in D r . It follows that 

%Mg)) = lim ( f f 

p^+oo J p J p 

\X 3 (D r ) X 3 (D 2 )\X 3 (D r ) 

= <f 3 , r ( 9 ) + f lim ^'" i,. 

X 3 (D 2 )\X 3 (D r ) 

Recall that by definition i r (g) = Id on D 2 \ D r . It follows that for 
x e X 3 (D 2 ) \ X 3 (D r ) the braid 

l{g p ] x) = a ltPtX o o 77^3'^ o o a 2 , p , x , 
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where the length of the braids ai^ P)X and ct2 yPyX is bounded for all p and 
x. It follows that for all x G X 3 (D 2 ) \ X 3 (D r ) we have 

p— >+oo p p— >+oo p 

where the last equality follows from the fact that homogeneous quasi- 
morphisms are invariant under conjugation and that ^3(772,3) = 0, be- 
cause <£> 3 G Q(B 3 , A 3 ). Hence 

Hm ( eM^ dx = , 

p^ + OD p 

X 3 (D2)\X 3 (D r ) 

and the proof of the lemma follows. □ 

Remark 3.11. Let inc: B„_! — > B n be the standard inclusion of braid 
groups. A homogeneous quasi-morphism (f n G Q(B n ) is called kernel 
quasi-morphism if ip n (a) = for each a G Im(inc). In the proof of 
Lemma r3.10l we used the fact that the space of kernel quasi- morphisms 
on B3 is contained in Q(B3, A3), i.e. we used the fact that ^3(772,3) = 0. 
If we replace the space Q(B n , A n ) by the space of kernel quasi-mor- 
phisms on B n , then Lemma f3. 101 will hold for n > 3. In what follows we 
use the fact that the space Q(B 3 , A 3 ) is infinite dimensional, and it is 
not known what is the dimension of the space of kernel quasi-morphisms 
on B n for n > 3 (for more information about kernel quasi-morphisms 
see [IT]), hence we restrict ourselves to the case n = 3. 



Let us proceed with the proof of Theorem [TJ For 1 < j < k denote by 
gj := i r (gj^ 3 ) G G. It follows from Lemma [3.101 that 

(2) ®i,s(9j) = Sij, 

where $^3 G Q(G,Aut) is defined using the same quasi-morphism in 
Q(Bs, A3) as $j,3 ir G Q(G r , Aut). Recall that the support of each gj 
is contained inside the disc D r . Since r = | , there exists a family of 
diffeomorphisms {hj}j =1 in G, such that hj o g^ o hj 1 and hi o g i o h~ 
have disjoint supports for all different i and j between 1 and k. It 
follows from the definition of Calabi homomorphism, see Remark \2.2\ 
that there exists a family {g-}f =1 of autonomous diffeomorphisms in G 
such that 

• The diffeomorphisms g[ and g'j have disjoint supports for i 7^ j, 
and the diffeomorphisms g[ and hj o gj o hj 1 have disjoint sup- 
ports for all 1 < i,j < k. 

• For each 1 < i < k we have C(g' i ) = C(hi 0^0 h^ 1 ). 

Denote by fi := hi o g i o h~ l o (gr^) _1 , and let K := kerC. Note that 
all of fi have disjoint supports, C(fi) = 0, each fi lies in K and they 
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generate a free abelian group of rank k. Let 

* : Z k -> G 

where *ff(di, . . . , dk) = fi 1 o . . .o f k k . It is obvious that \I> is a monomor- 
phism whose image lies in K. In order to complete the proof of the 
theorem it is left to show that \I/ is a bi-Lipschitz map, i.e. we are going 
to show that there exists a constant A > 1 such that 

k k 

A' 1 ]T |4| < Wft 1 o . . . o /^|| Aut < A \di\ ■ 

i=l i=l 

We have the following equalities 

$iMj) = QiAhjogjOhj'oig')- 1 ) = ^, ! i// ; )-^,: 5 f(//;) ') = $M = 5 lr 

The second equality follows from the fact that every homogeneous 
quasi-morphism is invariant under conjugation and it behaves as a ho- 
momorphism on every pair of commuting elements. The third equality 
follows from the fact that (g'j)' 1 is an autonomous diffeomorphism and 
&i,3 £ Q(G, Aut), and the forth equality is ([2]). Since all fi commute 
with each other and $i,3(fj) = 5ij, we obtain 

l^Afi 1 ° • • • ° ft)\ ^ Kl 



||A dl o...o/^|| Aut > 



®i,3 *i,3 



where D^. is the defect of the quasi-morphism $j 3 . The defect D§. ^ 

because each e Q(G,Aut) and hence it is not a homomorphism. 
We denote by Dk '■= maxDx. and obtain the following inequality 

i 1,3 

k 

(3) \\f^o...oft*\\ Aut >(k-® k )- lJ £\di\. 

i=l 

Denote by VJtf := max ||/i||Aut- Now we have the following inequality 

i 

k k 

(4) ||/* o . . . o f^\\ Aut < £ \di\ ■ H/ilUut < % • E 1*1 • 

i=l i=l 

Inequalities (j^J) and (T4J) conclude the proof of the theorem. 

□ 



4. A RELATION BETWEEN Q(G) AND Q(F 2 ) 

Let F2 denote the free group on two generators, and let a\ and cr 2 
denote the Artin generators of B3. The center of both B3 and P3 is a 
cyclic group generated by an element A = 772,3 -773,3- One can show that 
P 3 is generated by af, cr|, A and P 3 = F 2 x Z(P 3 ), where F 2 = (erf, erf) . 
In what follows we describe a monomorphism from F 2 to G and study 
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the induced map from Q(G) to Q(F 2 ), which is infinite dimensional by 
the theorem of Brooks [S] . 

Let Ui, U2, Us C D 2 be open subsets each diffeomorphic to a disc, such 
that area(C/j) > f. We also require that zi G Ui, where z = (zi,Z2,Zs) 
is a basepoint for 7Ti(X 3 (D 2 )) = P 3 . For pairs (C/i,L^) and (U2, Us) 
let W12 C V12 and W23 C V23 be pairs of two open subsets of D 2 , 
each diffeomorphic to a disc, such that U\ U U2 C ^12, U t/3 C VF23, 
Vi2nC/ 3 = and V^ 3 n£/i = 0. Let {h t } be a path in G which rotates W 12 
once, and is identity on the outside of Vx 2 and on a small neighborhood 
of dVi2- Similarly, let {h' t } be a path in G which rotates W23 once, and 
is identity on the outside of V23 and on a small neighborhood of <9V2 3 . 

Let U :— U\ U U2 U t/ 3 and let G;/ be the subgroup of G which consists 
of diffeomorphisms which preserve pointwise the set U. Let 

Tr: G l/ ^P 3 , 

where Tr(g) is the homotopy class of the loop (g t (zi) , gt(z 2 ) , gt{zs)) in 
X 3 (D 2 ). Here {gt}} =0 is any isotopy from the identity map to g. Since 
the map Tr is a homomorphism, which sends hi to a 2 and h[ to cr|, 
the diffeomorphisms hi and ^ generate a free group in G. Let 

s v : F 2 G 

be a monomorphism, where St/(<7 2 ) = /ii and S;/((t|) = h[. Denote by 
aj = area([/j) and a = area(f/). 

Theorem 4.1. Let Q(su) : Q(G, Aut) — >■ Q(F 2 ) &e t/ie map induced by 
the homomorphism sjj. Then 

lim dim(Im(Q(st/))) = 00 . 

a— >7r 

Proof. Let iV G N. We are going to show that there exists e > such 
that whenever |a — 7r| < e we have dim(Im(Q(s;7))) > AT. Notice that 
every tp G Q(B 3 , A 3 ) vanishes on A. Since dim(Q(B 3 , A 3 )) = 00 and 
P 3 is a subgroup of finite order in B 3 , it follows that there exists a 
family of quasi-morphisms {(pi}f = i in Q(B 3 , A 3 ) and a family of braids 
{Pi\iLi which are words in o~\,o\, such that (fi(j3j) = 5ij. Denote by 
9u,i '■= su{Pi), i-e- each gu^ is a time-one map of an isotopy gt t % which 
is a composition of a number of isotopies h t and h' t that twist Uj's in 
the form of the braid We are going to show that there exists e > 0, 
such that if \a — 7r| < e then the matrix 

M NxN := (^3(^)(^t/,i))i< i < i < iV 

is non-singular, where Q3: Q(B 3 ,A 3 ) — > Q(G,Aut). This will imply 
that {Q(su)(G 3 (Lpi))}fLi are linearly independent in Q(F 2 ). 

It is easy to show that there exists e' > 0, such that each N x N 
matrix with entries is non-singular provided that 1 < irta < 12 
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and \m,ij\ < e' for all i 7^ j. Denote by X 3 ([7) := X 3 ( (J Ui). Since each 

i=i 

tpi G Q(B3, A3) is invariant under conjugation in B3 and vanishes on 
the braid 773,3 we have 

lim ax = < 

p^+oo p 6ai • a2 • CJ3 if i = j ■ 

Xa(tO k 

It follows that 
(5) 

lim flSLSiLifJ. dx if i ^ j 

1 ' J lim ax otherwise . 

X 3 (D*)\X 3 (U) p ^ + °° 

For x G Xs(D 2 ) denote by cri^g^^x) the length of the word in gen- 
erators (71,(72, which represents the braid 7(5^; x) and is given by p 
concatenations of flows g ti . Let 

cr((3i) := cr(gu,i, z) and 9Jt cr := max cr(/3j) , 

l<i<7V 

where z = (21, 22, 23)- It follows from the construction of diffeomor- 
phisms gu t i, that for each x G Xs(D 2 ) and 1 < i < N we have 

cr (l(9ui'i x )) 

lim wv ^' yy < oju . 

For each 7 G B 3 denote by l( / y) the word length of 7 with respect to the 
generating set 01,02. Since each (fi is a homogenous quasi- morphism 
that vanishes on cr 1; o" 2) we obtain 

1^(7)1 <D Vt .1(7). 




Denote by 



QJId := max ZL. . 

l<i<iV ^ 

2^ 



It follows that for each x G X 3 (D ) and 1 < i, j < N we have 
lim \^( 9 ^))\ < ^ Um Hfrfafa;*))! 

<ojt D lim cr(7(g ^ ;x)) <Wl D -M cr . 

p— >+oo P 

Take e > 0, such that 

97T D • 37t cr • area (X 3 (D 2 ) \ X 3 (U)) < mm j^, e'j . 

Equality (jSJ) yields 

\G3(<Pi)(gu,j)\ <s' if and 1 < Gz^Pi){j9v,i) < 12 > 

hence the matrix M^ x n is non-singular and the proof follows. □ 
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5. Comparison of bi-invariant metrics on G and other 



5. A. The Hofer metric. The most famous metric on the group of 
Hamiltonian diffeomorphisms of a symplectic manifold (M,u) is the 
Hofer metric, see [131 03] ■ The associated norm is defined by 



where F t is a compactly supported Hamiltonian function generating 
the Hamiltonian flow f t from the identity to / = f\. The oscillation 
norm is defined by osc(F) = max a/ F — minjv/ F. 

Example 5.1. Let / £ G be a diffeomorphism generated by a time 
independent and non-negative Hamiltonian function F. It implies that 
all powers of / are also autonomous and hence ||/ n ||Aut — 1 f° r all 
n £ Z. On the other hand, the Calabi homomorphism is positive on / 
and hence ||/ n ||Hofer — const \n\C(f), for some positive constant. 



Also, ||/ 1/n || A ut = 1 but lim ||/ 1/n || Hofer = 0. Here f 1 ' 11 is the unique 



diffeomorphism in the flow generated by F such that its n-th power 
is equal to /. This shows that the identity homomorphism between 
the autonomous metric and the Hofer metric is not Lipschitz in neither 
direction. 



5.B. The restricted autonomous metric. Let S r C Ham(M, ui) 
be the set of autonomous diffeomorphisms generated by Hamiltonian 
functions with the L°°-norm bounded by r > 0. This set is invariant 
under conjugations and hence the corresponding word metric is bi- 
invariant. We call it the restricted autonomous metric and denote the 
corresponding norm by For all r these metrics are Lipschitz 

equivalent. Indeed, it is easy to check that if r < R then 



COMMENTS 



11/11 



Hofer • 




ii/iu<ii/iir<r^iii/iu 



for all / £ Ham(M, oj). Moreover, we have that ||/||Aut < ||/||r f° r 
every r. This trivially implies that the main results of the paper hold 
for the restricted autonomous metric. 
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Let / G G be such that / = hi o ■ ■ ■ o with each h{ is autonomous 
generated by a Hamiltonian Hi of the oscillation norm smaller than r. 



which proves that the restricted autonomous norm is not equivalent to 
the autonomous norm for there are autonomous diffeomorphisms with 
arbitrarily big Calabi invariant. 

5.C. Fragmentation metrics. Let U C M be a set with nonempty 
interior. The fragmentation metric du is a word metric defined with 
respect to the generating set consisting of diffeomorphisms conjugated 
to ones supported in U. Such a set is invariant under conjugations by 
construction and hence the fragmentation metric is bi-invariant. 

It follows from the proof of Theorem [1] that there is a diffeomorphism 
/ supported in the set U such that / has arbitrarily big autonomous 
norm. Clearly, the fragmentation norm of / is equal to one. 

Example 5.2. Suppose that U C D 2 is a disc of radius 1/2. According 
to Biran, Entov and Polterovich [5], the space of homogeneous Calabi 
quasi-morphisms on Ham(D 2 ) is infinite dimensional. The Calabi prop- 
erty means that the restriction of a quasi-morphism to the subgroup 
of diffeomorphisms supported on a displaceable subset is equal to the 
Calabi homomorphism. 

Consider the subgroup K = kerC C G. It is generated up to conjuga- 
tion by diffeomorphisms supported in U and hence the fragmentation 
metric is defined on K. (In the next section we explain that this metric 
is equal to the autonomous metric induced from G). Let q: K — > R 
be a Calabi quasi-morphism. Since it is trivial on the generators it is 
Lipschitz with respect to the fragmentation norm. 

It follows from the proof of Theorem 2.3 in |5] that there is an au- 
tonomous diffeomorphism / 6 K and a homogeneous Calabi quasi- 
morphism q: K — > R such that q(f) > 0. This implies that f n can 
have arbitrarily big fragmentation norm. Its autonomous norm is equal 
to one. 




k 




i=l 
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5.D. The kernel of the Calabi homomorphism. This is a general 
remark on the geometry of the inclusion kerC = K — > G with respect 
to some word metrics. Let S C G be a generating set such that the 
intersection S :— S D K generates the subgroup K. We also assume 
that if /, g £ S have disjoint supports then fog £ 5. Examples of such 
generating sets include autonomous diffeomorphisms, diffeomorphisms 
supported up to a conjugation in an open subset U C D 2 , etc. 

Lemma 5.3. Let i: K — > G 6e the inclusion. Then 

\\9\\s> = ||%)||s 

/or even/ # £ K. 

Proof. By definition for each g £ K we have ||i(^)||s < Hulls'- Let 
g ^ Id and suppose that ||i(g)||s = m. It means that g — h±o . . .o h m 
for some /ij £ 5. It is straightforward to construct diffeomorphisms 
fi, ■ ■ ■ , fm-i e S such that 

• the diffeomorphisms /, and fj have disjoint supports for i ^ j, 
and the diffeomorphisms /j and /ij have disjoint supports for all 
1 < i < m — 1 and 1 < j < m, 

• C{h) = C{h x ) and C(/i) = C(/i_i o for 2 < i < m - 1. 
We can write (/ as follows 

9 = (^i ° A" 1 ) ° (A -1 ° A ° h 2 ) o . . . O (/"ij O / m _ 2 O /^.i) O (/ m-1 /i m ). 

Note that C(/ii o /f 1 ) = 0, C(A _1 ° A-i ° ^) = for 2 < i < m - 1, and 
C(fm-i ° ^-m) = because C(g) = 0. Since each hi commutes with each 
A and each /j commutes with each fj, the diffeomorphisms ft,! o /f 1 , 
A -1 ° /i-i ° K for 2 < i < m — 1, and / m _i o ft m are diffeomorphisms 
from S" = 5 D K which finishes the proof. □ 
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